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Abstract 

Q\ . The thermodynamic Bethe ansatz method is employed for the study of the integrable 

critical RSOS(qi, q2',q) model. The high and low temperature behavior are investigated, 
(T) \ and the central charge of the effective conformal field theory is derived. The obtained 

central charge is expressed as the sum of the central charges of two generalized coset 
£T) | models. 

o , 

1 Introduction 

IS: 

It is well known that statistical systems at criticality — second order phase transition — are 
expected to exhibit conformal invariance |], therefore the critical behavior of such systems 
should be described by a certain conformal field theory. Different types of critical behavior have 
been classified 0, and the critical exponents and correlation functions have been determined 
(see also §, @). 

An intriguing situation arises from the study of integrable lattice models, whose scaling 
limit may correspond to certain conformal field theories. In this framework an important, 
but non trivial task is the calculation of the central charge of the corresponding conformal 
field theory. A way one can extract this information is by studying the finite size effects of 
the ground state of the system f|- [[<]]. An alternative approach to compute the conformal 
properties is by investigating the low temperature thermodynamics; in particular, the low 
temperature behavior of the free energy of a critical system is described by ||, H 



m = ^_^ ia+ __ T<<1 

L L bu 

For integrable theories this can be achieved by means of the thermodynamic Bethe ansatz 
approach, which is a powerful technique that allows the computation of such properties. The 
mathematical techniques used for such computations go back to the original work of several 
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people [|IIJ-[jnj. The method was further treated and extended to various lattice |Ij|-J19| (for 
a review on TBA for lattice models see e.g. pOfl ) and continuum relativistic models f2T|-f2~5| 
yielding very important results. 

The thermodynamic Bethe ansatz for relativistic models is somehow the inverse of the 
Bethe ansatz technique for lattice models P^-ptl. In the usual Bethe ansatz approach the 



starting point is the microscopic Hamiltonian, whose diagonalization gives rise to the Bethe 
ansatz equations, the spectrum, and the scattering information — expressed via the S matrix — 
On the other hand, in the integrable relativistic theories one employs the 



[see e.g. 

scattering information as an input in order to derive the thermodynamics of the theory pi 
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In this study the thermodynamics of the RSOS(qi,q2',q) is investigated and the effective 
conformal anomaly is derived. In general, RSOS models are worth studying because, as already 
mentioned, their critical behavior may be described by some effective conformal field theory, 
e.g. critical fused RSOS models are related to generalized diagonal coset models ("anti- 
ferromagnetic" regime) or parafermionic theories ("ferromagnetic" regime) [|3T|. Furthermore, 
it has been shown [[3^] that critical RSOS models, with proper inhomogeneities, provide lattice 
regularizations of massive or massless integrable quantum field theories |32|, which on the 



other hand can be thought as perturbations of conformal field theories p3[ . What makes the 
RSOS(qi,q 2 ; ,q) model in particular interesting is that it is a natural generalization of the 



RSOS(p,q) model studied by Bazhanov and Reshetikhin [31] in as much as the alternating 
spin chain, introduced by de Vega and Woyanorovich ||34|| , is a generalization of the fused 
XX Z spin chain [35|. Therefore, with this article the study of the thermodynamics of the 
fused critical RSOS models is completed. 



In |31j the RSOS(p, q) model was studied, the effective central charge was found and, in the 
" anti-ferromagnetic" regime, it turned out to be the one of the SU (2) diagonal coset model 
M(p,u - 2-p) (M(q,p) = SU su { 2) S q ^ 2)p , where SU(2) k is the SU{2) WZW model at level 
^ ||36|| , [j3~7jj ), whereas in the "ferromagnetic" regime it agreed with the central charge of the 
parafermionic l5 '^^~ 2 theory. In this work the effective central charge of the RSOS^, g 2 ; q) 
model is computed from the low temperature analysis. In the "anti-ferromagnetic" regime it 
is expressed as the sum of the central charges of two generalized diagonal coset models, namely 
Ai(q2, v — q 2 — 2) and Ai(q2, Sq), while in the "ferromagnetic" regime the analysis is exactly 
the same as in 

The outline of this article is as follows: in the next section the model is introduced, and 
the Bethe ansatz equations and the energy spectrum are presented. In the third section the 
thermodynamic Bethe ansatz equations are derived explicitly and the high and low temperature 
behavior are examined. Finally, from the low temperature expansion the effective central 
charge is derived. 
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2 The model 



The integrable critical RSOS(qx, q2, q) model, obtained from the RSOS(l, 1) model by fusion 
1 55], is introduced. To describe the model, a square lattice of 2N horizontal and M 



vertical sites is considered. The Boltzmann weights associated with every site are defined as 

w{h,li,lm,W=( \ \, ) ■ (2-1) 

With every face i of the lattice an integer U is associated, and every pair of adjacent integers 



satisfy the following restriction conditions [40], [41 



< k+i — k + P< 2P, (a) 

P < k+i + k <2u — P, (b) (2.2) 

where P = q% for i odd and P = q2 for i even (let q\ > q-^), for the horizontal pairs, and P = q 
for the vertical pairs (array type II fl32"| ). 

The fused Boltzmann weights have been derived by Date etal in [^DJ and they are given by 
w qi ' 1 (ai,a gi+1 ,bq i +i,b 1 \\) = Y[w 1 ' 1 (a k ,a k+1 ,b k+1 ,b k \X + i(k-q i )) (2.3) 

»2— a>m k=l 

where 62 • • • b qi are arbitrary numbers satisfying \bi — = 1. w 1,1 are the Boltzmann weights 
for the 505(1,1) model ||40|| , they are non vanishing as long as the condition ( |2.2| (a)), for 
P = 1 is satisfied and they are given by the following expressions 

w{l,l ±1,1,1 T M*) = h{i - X) 

hi+i 



w(l± 1,1,1 Tl,l\X) = -h(X)- 



h 



w(l ±1,1,1 ±l,l\X) = h(wi±X)^ (2.4) 

hi 

where, 

h(X) = pQ(X)H(X) (2.5) 
H(X) and 6(A) are Jacobi theta functions and, 

hi = h(wi), wi = w + il. (2.6) 

We are interested in the critical case where h(X) becomes a simple trigonometric function i.e., 

, . , . sinh uA 

h(X) = 2.7 
sin jj, 

Wq, p and \x are arbitrary constants. Furthermore, 

<j-2 <ji — 1 



W 9i,q 



'ax, b x , b q+1 , a q+1 ) = II II (h(K k ~ j) + A )) 



fc=0 j=0 

q 

Y[w qi,1 (a k ,b k ,b k+ x,a k+ x\X + i(k- 1)), (2. 

02 — Og fc = l 



again b 2 ...b qi are arbitrary numbers satisfying \b^ — b^x\ = 1, and the pairs ax, a q+1 and 
bx, b q+1 satisfy ( |2.2| ), for P = q. The fused weights satisfy the Yang-Baxter equation in the 
following form 

J2 w pq (a, b, g, f\X)w ps (f, g, d,e\X + ^)w qs {g, b, c, 

9 

= Y, w qs {f, ^ g, e\fi)w ps (a, b,c,g\X + ti)w™(g, c, d, e\X). (2.9) 

9 

Here we only need the explicit expressions for w qi)1 which are 

h(ib - X) 
hi 

h(X + ia) 



w qi '\l + l,l' + l,l',l\X)) 


- h qi 


:i( 


-A) h a 


w q ^{l + l,l' -l,l',l\X)) 


lb qi 


zli 


-X)h b 


w^il-lj' + l,l',l\X)) 


= K 


:1( 


-X)h c 


- 1/- 1,1', l\X)) 


ll 9i 


:i( 


-X)h d 



h(id — X) 
hi 

h{ic — A) 
h 



(2-10) 



where 



and 



l + l'-qi l'-l + qi l-l' + qt , 1 + 1' + % , 011 , 

a= o > " = o ' C= o ' " = o > (2.11) 



K(X) = l[h(X + i(k-j)). (2.12) 

3=0 

It is obvious that w qi,1 (a, b, c, d\X) are periodic functions, because they involve only simple 
trigonometric functions ( |2.10|) , ( |2.12| ) (/i(A + iv) = — h(X), v — -), i.e. 

w qi '\a, b, c, d\X + iv) = (-) V' 1 ^, b, c, d\X) (2.13) 
Now we can define the transfer matrix of the RSOS(qx, q2', q) model 

2N-1 

T^^- b2N} = II a j+1 , b j+1 , b 3 \X)w^\a ]+l , a j+2 , b j+2 , b j+1 \X) (2.14) 

where we impose periodic boundary conditions, i.e. a 2 N+i = a i and b 2N+1 = Notice 
that in the odd and even sites the weights w gi,q and w q2 ' q live respectively. The case where 
Qx = qi (array type I fl32~|), namely the fused RSOS(p, q) model, has been studied in detail by 
Bazhanov and Reshetikhin in [[31]]. It is evident that the model studied here is a generalization 
of the fused RSOS(p, q) model. The analogue of the array type II in the spin chain framework 
is the alternating quantum spin chain, introduced by de Vega and Woyanorovich and also 



studied extensively by many authors [4^j — [46 
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From the Yang-Baxter equation for the fused Boltzmann weights (2$) the commutativity 
property for the transfer matrix follows, i.e. 



T q ^ q (X)T qi ' q2 ' q '(fj) = T quq2 > q ' (fx)T qi ' q2 ' q (X), 
Moreover the transfer matrix is periodic (|2.13|) 

T quq2 > q {X + iv) = T qi ' qr ' q (X). 



(2.15) 



(2.16) 



In order to obtain the Bethe ansatz equations for the model we also need the following useful 
relations. First we will use the relations acquired by the fusion procedure |3"9|] , namely 



J 1 q — Jq 1 + Jo-1 A 



where 



f q i> q2 (\) = (h qi (X)hf(X)) N , If m ' q = T qi ' q2 ' q (X + ik), T quq2 >° 



f qi { q2 



(2.17) 



(2.18) 



Notice that the main difference between equations (|2.17|) , (|2.18|) and the corresponding equa- 
tions in |31| is the substitution of p with q\,q2- In particular in |31j is replaced here by 
f qi,q2 - We must also have in mind that the Boltzmann weights satisfy the following impor- 
tant property, i.e. up to a gauge transformation, that does not affect the transfer matrix, the 
weights w 1,q (a, b, c, <i|A) and w 1,v ~ 2 ~ q {y — a, v — b, c, d\X + i(q + 1)) coincide, where 



w^ q {a, d, c, b\X - i{q - 1)) = (h 9 q Z\(-X)) 1 w q ' 1 (a, b, c, d\X), 



(2.19) 



a similar property holds also between the weights w qi ' q and w qi,u 2 q . From the above relations 
it follows that 



T quqr,u-2 {X) = Y (h q J_ 2 (X)hlU(X)) 



YT qi ' q2 ' u - 2 - q (X + i(q + l)), 

N 



q = l,...,z/-3, 



with 



{Zi...Z 2 jv} 



2N 

l[8(l i ,u-l' i ) 

i=l 



j^qi,q2;q y 



(2.20) 



(2.21) 



To derive the transfer matrix eigenvalues we employ the commutativity properties of the 
transfer matrix ([TT|), (ggj] ), the periodicity ( p7T3D , <^Wj ), the fusion relations ( pT7|) , ( gT§ , 
equations ( |2.20| ) and the analyticity of the eigenvalues. Moreover, we employ relations ( |2.17D 
and ( |2.2U| ) for q = v — 1 , v and we derive 



T q " q2 ^-\X) = 0, T qi ' qr ' u (X) = -Yf qi _! q2 (X). 



(2.22) 



From the solution of the above system of equations (|2.15|) - (|2.21|) , and with the help of relations 
( j2.22j ) we can write equation ( |2.17| ) in the following form 



detM[A qi ' qr '\X)] = 



(2.23) 
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where 



M[A 91 ' 92;1 (A)] 





f ql { q2 














_ F/r 2 \ 






ill, 12 

Jo 

















J2 


A |i, 9 2;l 














\-Yf, 



11,12 
v-2 


















1 11,12 Aiji,g2;l f lim 
Ju-2 Ly v-2 Ju-3 
1i,irA 



. (2.24) 



£11,12 \11,12\1 
Jv-1 ly v-l ) 



Let now (Q q uq2 (X) , . . . , Ql'lf (X)) be the null vector of the matrix ( pp with Q q k uq2 (X) 
u; fe Q 9l ' 92 (A + i&), w 2iy = 1 and 



(g 1 +92) iv 
2 



then the eigenavlues are given by the following expression 



(2.25) 



A 91 ' 92;1 (A) =uf q _}f 2 (\) 



Q q ^ q2 {X + i) , ,.-t fquq2n ,Q qi ' q ^-i) 



+ ^-Vo gi ' 92 (A)- 



Q^ 2 (A) 



(2.26) 



For completeness we write the general expression of the eigenvalues A 91 ' 92 ' 9 (A), which follow 
from the fusion relation ( [2.17| ) and ( |2.26|) , 



q u q ~ 2j f qi > q2 (X + Hi — D) 

A^(\) = Q q ^(X - i)Q^(\ + iq) V J — { J V » — 

Q q ^ q2 (X + i(j - l))Q q ^(X + ij) 



(2.27) 



The eigenvalues satisfy all equations ( P-ITQ , ( |2. 18|) and ( |2.20|) , where a; is a root of unity that 
obeys the constraint 



UJ 



(2.28) 



and y — ±1 is the eigenvalue of the operator Y ( |2.21| ). Equation ( |2.28j ) is a consequence of 
the periodicity and ( |2.20| ). Similarly, here the difference with the corresponding eigenvalues in 
3lH is the replacement of the functions f p and Q p with f qi ^ 2 and Q qim respectively. Finally, 



from the analyticity of the eigenvalues we obtain the Bethe ansatz equations 



M 



where 



u- 2 e 91 (X a ) N e 92 (X a ) N = 

sinh (Lt(A + 



e n (A; v) 



in x 
2 i 



(2.29) 



(2.30) 



sinh/i(A - f) 

It is important to emphasize that the eigenstates of the model are states with zero spin S z = 

H, B H> i- e - 

(2.31) 



M = -( gi + g 2 )L, 
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where L = 2N (for q% = q 2 = p the later constraint agrees with the corresponding constraint in 
3T||). We should mention that the Bethe ansatz equations ( |2.29| ) have the same structure with 
the Bethe ansatz equations of the alternating ^ spin chain |33J]-[|I5[] . The main differences 
between the model under study and the alternating spin chain are: 1) the phase u which is 
unit, and 2) the number of strings M which is not fixed in the alternating spin chain. 

The energy^ of a state is characterized by the set of quasi particles with rapidities (Bethe 
ansatz roots) \j, J27j, [p8fl , p8| . 



M 



sin fiq v 



7T p l ^ sinh fi(\j + if) sinh fj,(\j - if] 



(2.33) 



The thermodynamic limit N — > oo of the equation (|2.29|) can be studied with the help of the 
string hypothesis [Q, Hl3"f , |p7| , p8| , which states that solutions of fl2.29|) in the thermodynamic 
limit are grouped into strings of length n with the same real part and equidistant imaginary 
parts 



a 

A (o,*) 



K + ^n + l-2j), j = 1,2, „,n, 



71 



2/i' 



(2.34) 



where A™ and A° are real, and A^°' s ) is the negative parity string. The allowed strings that 
describe the thermodynamics of the model are the same as in and they are 1 < n < v — 2 
(Qi < v — 2), the negative parity string is also excluded. Then, the Bethe ansatz equations 
( gjg ) following [0, @ become, 



uJ- 2 l[X nqj (\ n a 



ra\iV 



i/-2 M m 

II II ^™(^a — A 
m=l /3=1 



where n = 1, . . . , v — 2, and 



(2.35) 



(A)e, (A)... (A)e 

(n+m— 1) (A) 

^nm(A) = e| n _ m |(A)e^ n „ m+2 |(A) . . .e( n+m _ 2) (A)e (n+m) (A). 



(2.36) 



Finally, the energy 



by virtue of the string hypothesis Q2.34p takes the form 

L u-2 
n=l 



£ = -tE d\(zM(\) + Z^{\)) Pn {\) 

Q „ 1 J— CO 



2 The Hamiltonian of the model is defined for q = qi,q2 

"■E^lnT^*(A)| A=0 , 



H 



8tt ^ dX 

1=1 



(2.37) 



(2.32) 



where T qi ' q2 ' qi is the transfer matrix of the RSOS(qi, q± \ qi) model (see also ( 2.27 )) 
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where, p n is the density^ of the n strings (pseudo-particles) and 



^(A) = ^^logX„ m (A), (2.39) 
the Fourier transform of the last expression is 

„, , sinhf (v — max(n, m))% ) sinhfminfn, m)% ) 

Znm[U) sinh(f ) sinh(|) • 1 Uj 

3 Thermodynamic Bethe Ansatz 

In what follows the thermodynamic Bethe ansatz equations are derived from (2.35). In addition 



to the density of pseudo-particles p n we also introduce the density of holes p n , and we can 
immediately deduce from (|2.35|) , and with the help of the Maclaurin expansion ( 2.38Q that 
they satisfy 

Pn(X) = UZ<&{\) + Zg(A)) - £ 41 * Pm(X). (3.1) 
Z m=l 

where 

41(A) = i-Azlog£ nm (A) + S nm 5(X) , (3.2) 

and 

A , , 2 coth(^) sinhf (v — max(n, m))%) sinhf minfn, m)%) 

A nm {u)- ginh(if) • (3.3) 



However, recall that the only allowed states as in |3T[ are the ones with S z = and therefore 
from ( p3T| ), 



x> r Pn (\)d\= q -±±^. (3.4) 

n=l 4 

Equation (|3.4j) together with relation (|3.1|) for n = v — 2 yields 

/oo 
~p v -i{\)d\ = ^_ 2 (A) = 0. (3.5) 

The constraint (|3.5| ) is imposed on ( [3.1|) and the density p„_2 is expressed in terms of the rest 
densities, 

v-3 

Pu-2( X ) = P°(A) - £ al-lAn * Pm(A) (3.6) 

m=l 



here we use the Maclaurin expansion 

M 



/oo 
/(A)p(A)dA, (2.38) 
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where 



e^M = sinh ( :;"iffl . a«) - r^^'il, 0.7) 



sinh(j>-2)f) ' 4cosh(f)sinh((z/-2)f) 
By means of the relation ( |3.6| ) the equation ( |3.1| ) can be rewritten in the following form 



Pn{\) = \{Z^\\) + Z^\X)) - £ 4m 2) * /UA). (3. 



2 i 



The energy of the system, after we apply the string hypothesis is given by ( J2.37[ ). Now, 
taking into account the equation ( |3.8|) the energy becomes 



E 1 



1 y <P /*00 

e = ^ = -90 ~ t £ / ^(^&" 2) (A) + ^ 2) (A)) Pn (A) (3.9) 

4 1 «/ —CO 



with 



1 r (sinh(g 1 f)+sinh(g 2 f) / 
^° " 16^ 7-00 sinh(f)sinlu>-2)f) " (3 ' 10) 

In order to determine the thermodynamic Bethe ansatz equations the free energy of the 
system should be minimized, i.e., SF = 0, where 

F = E-TS, (3.11) 

and the entropy of the system is given by, 

S ~ L^T / dA((p n (A) + p n (A))ln(p n (A) + p„(A)) - p n (A) lnp n (A) - p n (A) lnp n (A) 

1 J —OO v 



n=l 
i/-3 



= Lg/" rfA(p n (A)ln(l + ^)+p n (A)ln(l + f^)). (3.12) 
Then, from equations ( |3.9| ), ( |3.12| ) and the constraint ( |3.8| ) the following expression is implied 



Tin (l + Vn (X)) = -\{Z^ 2 \\) + Z^\\)) + £ 4™ 2) * Tin (l + ^(A)), (3.13) 



m=l 



where r) n (X) = ■ It is convenient to consider the convolution of the expression ( 3.13 ) with 



the inverse of A nm , 

A nL( U ) = $nm ~ s(u)(5 nm+ i + <W-l), (3-14) 

having in mind the following identity, 

A-? n *Z mqi (\) = s(\)6 nqi , (3.15) 
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where 

q( \\ — 

2cosh(7rA)' v ' 2cosh(f) 



^) = ,^, u _ u , «H = ^ W , (3-16) 



and rj n {\) — e n r , (|3.13| ) becomes, 

e n (A) = S (A)*Tln(l + r ?n+1 (A))(l + 7 ? „_ 1 (A))-is(A)(5 ngi +5 ng2 ), (3.17) 

for any n = 1, . . . , z/ — 3. Note that the last equation differs from the corresponding equation 
obtained in [[31] in the inhomogeneity term s(A). More specifically, here the terms 5 nqi and 5 nq2 
appear, whereas in the study of the fused RSOS(p, q) model |JT] only the 5 np term appears. It 
is obvious that for q\ = qi = p our expression agrees with the corresponding expression for the 
pseudo-energies in JHJ]. It can be easily deduced from equation ( |3.17| ) that the pseudo-energy 
e n(A) > for every n ^ ?i,(fe> therefore we conclude that the ground state consists of two 
filled Dirac seas with strings of length qi,q2, i-e. p n (A) = for any n, and p n (A) = for any 
n ?i)92- The pseudo-energies for those are immediately induced from fl3.13|) by neglecting 
the terms of the sum for m ^ qi, 

*(A) =-tE Z fe 2) (A) + E ifc 2) * Tln(l + ^(A)), t = 1, 2 (3.18) 
4 j=i i=i 

(N.B. 6i (A) = e ?i (A)) where 

i^- 2 '(A) = 4T" 2 )(A) - 5 nm 5(A). (3.19) 
Moreover, the energy of the ground state can be written from Q3.8|), ( |3.9| ) 

En 

= 4 E /°° (A),(A). (3.20) 

The free energy of the system follows from Q), (PI|) , (|3TT2| ), (p|), and ( |3TT3| ), 

/CO = ^ = -9o-^ E r dAln (l + ^ X ( A ))( Z S: 2) (A) + ^ 2) (A)), (3.21) 
and in terms of the ground state energy of the system (|3.20|) we can write 

rp 2 
8=1 



fp 1 ^ /"OO 



T 2 /-oo 

f(T) = e --J2 d\s(\)Hl + r) qi (X)). (3.22) 

Z ■ -, J— oo 



In the following sections we are going to explore the behavior of the free energy and the entropy 
of the system in the high and low temperature. 
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3.1 The high temperature expansion 



By studying the high temperature behavior of the entropy the number of states of the model 
can be deduced. In the high temperature limit the pseudo-energies e n become independent of 
A [18|, consequently the thermodynamic Bethe ansatz equations ( p. 17 ) are given by 



s(A)*Tln(l + jfc+iXl + T* 



n-l. 



T 



ln(l + ?7n+l)(l + Vn-l] 



(3.23) 



and the corresponding solution of the above difference equation is exactly the same as in |31| 
(for T — > oo the inhomogeneity term can be neglected in ( |3.17| ) and therefore the pseudo- 
energies coincide with the ones found in [pll ) 



ln(l + rj n ) = In 



sm 



sin 2 (^ 



(3.24) 



The free energy follows immediately from (|3.22|) , (|3.24j) 



TL 



E i* 



sin 



sin 2 (^) 



(3.25) 



n=q 1 ,q 2 

moreover, the entropy in the high temperature limit (|3.11| ) becomes 

■ 7r(n+l) \ 



s 



E ^ 

n=qi,Q2 



sm 



sm - 



(3.26) 



Notice here that the free energy and the entropy are expressed as a sum of two terms since the 
ground state consists of two filled Dirac seas. On the other hand, in the corresponding 
expressions contain just one term, because the ground state there consists of one filled Dirac 
sea. Finally, we conclude that the number of states for the system is 



n ( 



sm 



- 7r(n+l) % 



n=qi ,qi 



sin 



(3.27) 



Notice that in the isotropic limit v — > oo the entropy ( p.26| ) coincides with the one of the 
alternating ^ spin chain (see e.g. |j4*3 |, f46|). For q 1 = q 2 ( p.26|) agrees with the entropy 
found in 



3.2 The low temperature expansion 

The main purpose of this section is the derivation of the effective central charge via the study 
of the low temperature thermodynamics. Recall, that the ground state of the model consists 
of two filled Dirac seas of strings qi,q2, therefore we examine the TBA (|3.13|) for n = qi,q 2 . In 
the T — > limit the following quantities are defined 

Tln(l + r,t)^±ef, i = 1,2 (3.28) 
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with, 



1 



-N), et 



e,- - e 4 



then the pseudo-energies for the ground state (|3.18|) take the form 

^2 2 



^W = -tE< 2) (a)-E^ 2) ^W- 



4 3=1 3=1 

Finally, the last equation can be written in terms of e.j, e 

2 ^2 2 

4 



E 4^ 2) * ^(A) = -~ E < 2) (A) + E i^ 2) * 4(A), 

and the solution of the above system is given by the following expression 

1 



e l (X)= s (X) + J2K lJ *eJ(X), i = 1, 2 
4 j=i 



where the kernel K is 



K(A) 



hi{\) h{\) \ 
h(X) h 2 (X) i ' 



(3.29) 



(3.30) 



(3.31) 



(3.32) 



(3.33) 



h 2 (uj) 



smh{(Sq- l)f) 
2cosh(f)sinh(cty 
sinh((5g 



+ 



sinh((i/-3-gi)f) 



2cosh(f)sinh((z^- 
sinh((g 2 -l)f) 
2cosh(f)sinh(5gf) ' 2 cosh(f ) sinh(g 2 f 



Qi , 



1)1) 



+ 



sinh(|) 



2cosh(f)sinh(5gf 



-(3.34) 



and 5q = q\ — c]2- Note, that the expression of the kernel ( |3.33| ), ( |3.34| ) in this general form 
for any qi, q 2 is rather a new result. As long as the condition q\ = v — 2 — q 2 holds, the 
symmetry between left and right sectors is satisfied (see also e.g. P3). In particular, h\ — h 2 , 



with hi,h 2 being related to the scattering in the left (right) sector. In general, for Sq ^ 1 



each of hi is decomposed into two parts (see (|3.34|) ), and every part is related to the triplet 
amplitude of the XX Z model, with different anisotropy parameters (hidden degrees of freedom 

1, there are no hidden degrees of freedom, and 



48 



[46]). In the special case where 5q 
hi, h 2 are relevant to the triplet amplitudes of the XX Z (sine-Gordon) model with the proper 
anisotropy parameters, whereas h corresponds to the massless LR scattering amplitude (see 

H). 



also |E9~ 



To derive the effective central charge, the entropy of the system must be evaluated in the 
low temperature limit. In order to do that the following approximations, which hold true for 
A — ► oo, should be made [IE|] , JT7| ], [|TBJ, 



Pn(X) 



-fn{X)—e n 

7T dX 



(A), Pn{X) 



-(1-/»(A))-SU.(A) 

7T CM 



(3.35) 
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where f n (X) = (1 + e "t') 1 , (/o(A) = /^(A) = 1), and the entropy ( p.!2| ), can be written as 



S 2 ^ fen(oo) 

S = — 



-E / de n (/ n (A)ln/ n (A) + (l-/ n (A))ln(l-/ n (A))). (3.36) 

VT -, Je n (-oo) K 7 



L 7T n=1 Je„(-oo) 

By changing variables in the last expression 

2T u ^ ffn ax ( In / n ln(l - /, 



s 

n=l J n 



Ey;i<^ + ^), (3.37) 

n,=l x Jn in 



and by introducing the Rogers dilogarithm 

1 f x ( In y ln(l - y) 



Lx) 



Ir^ + IEVZVL) (3.38) 
2 Jo v l — -y u y 



y y 

the entropy can be written in terms of the dilogarithms as follows 



■ Y,{ L (fn aX )-L(fn m ))- (3-39) 



* n=l 



The next natural step is the solution of the TBA equations ( J3.17 ) in the low temperature 



limit. In order to do that it is convenient (see also Hl6| , [|17|] , fl8H , |3l| ) to introduce the function 

0„(A) = ^e„(A--lnT), (3.40) 

1 TV 

then the TBA equations become , 

<p n ~ -s{\) * ln/ n+1 / n _! - ^e-^ x (5 nqi + 5 nq2 ). (3.41) 

Our task is to solve the later difference equation in the limit that A — > ±oo, (<p n independent 
of A). First for A — ► oo we compute the f™ ax , the difference equations ( p.41[ ) become, 



(f) n ~ --ln/ n+ i/ n _i 3 n = 1, . . . , v - 3, (3.42) 



this system has been solved (see e.g. [IS|, [3I|) with the solution being (note again that the 
inhomogeneity term is omitted), 

sin 2 f-l 

fn ax = . 2( : { :L , n=l,...,u-3. (3.43) 
sin v 1 



Similarly, for A — ► — oo 



~ln/ n+1 / n _i, n= l,...,v- 3, n^q 1 ,q 2 
oo, 92 -> -oo, (3.44) 
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the solution of the later system has the following form 

,2/ i \ 



mi 
J n 

rm 
J n 

mi 
J n 



sm 



*92+2< 



sm 



sin 



cram 
'92 



1 



92+2 



* 91-92+2- 



2 1 7r(ra-g2+l) ' 
91-92+2 - 

2/ 7T \ 



sm 
sm 



sm 



2( 7r(ra— qi+1) 
1/-91 



71 = l,...,g 2 - 1, /< 

n = g 2 + l,---,gi-l, fa 
n — qi + 1, . . . , v — 3 



nun 
91 



(3.45) 



Notice that the main difference with the corresponding solution in |3T| is the appearance of the 
middle term in ( 3.45| ) (for n = q 2 + 1, . . . , 9i — 1), in [31] there is no such term in the solution 
since 9i = 92 = P- According to equation ( |3.39| ) and the above solutions, the entropy can be 
written as 



4T^ 

* Z 


-l L( sin 2 (^) 


92 

)-Ei( 

rc=2 


91-92 
n=2 


sin 2 ( n , _) 

v 91 -92+2' \ 


f— 91— 2 


sin 2 ( ™ y 

v 91-92+2 / 


- E J 

n=2 



sm 



2/ 7T 



-92+2' 



sm 



2L(1) 



>f— 91 



sm 



2 / 7rn 



-y-gi - 



(3.46) 



Moreover, 



nt-2 sin 2 (^) 



2(g-3) 



L(l), g>3 



(3.47) 



and L(l) = ^ (see e.g. 0), then 



27rT/ 3g 2 



+ 



35g 



691 



3 ^92 + 2 ' 5q + 2 v{v-q x )J' 
The knowledge of the entropy allows the calculation of the heat capacity, in particular 



(3.48) 



C U = T- 



-T 



d 2 f(T) 



dT ~ d 2 T ' 
also, at low temperature it has been shown that f|, 0, 

6u 



(3.49) 



(3.50) 



where c is the central charge of the effective conformal field theory, and u is the speed of sound 
(Fermi velocity). By means of ( |3.48| ), fl3.49| ) and ( pj. 50| ) (u — | in our notation, see e.g. P7fl ) 
we can readily deduce the central charge 



3g 2 3<$9 



691 



92 + 2 5q + 2 v(y - qi) ' 



(3.51) 
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Recall the LR symmetry condition qi = v—2 — q 2 , then the conformal anomaly can be expressed 
in terms of q 2 and v as 

- 392 6q2 +^ 2 ---^ 2 —, (3.52) 



q 2 + 2 v{y - q 2 ) q 2 + 2 v{y - q 2 ) 

where v = v — q 2 . Note that the later expression is written in terms of the central charges 
of two copies of the generalized SU(2) diagonal coset theory. More specifically, the conformal 
anomaly ( |3.52j ) is identified as the sum of the central charges of the Ai(q 2 , v — q 2 — 2) and 
•M(q 2 , v — q 2 — 2) = A4(q 2 ,5q) coset models, therefore the effective conformal field theory 
should be of the form Ai(q 2 , v — q 2 — 2) <g> M(q 2 , Sq). 

Expression ( |3.51| ) for q± = q 2 is compatible with the result obtained by Bazhanov and 



Reshetikhin — in the "anti-ferromagnetic" regime^ — in |TT|. In the special case where q 2 = 1, 
the central charge becomes 

12 6 6 , . 

C = 2-— - = 1__ r + l- 7 T7 r 3.53 

v{v-2) v{v-l) {v-l){p-2) v ; 



and it agrees with the cm presented in |p2] , given by the sum of the central charges of two 
unitary minimal models. Finally, in the isotropic limit the central charge ( |3.51| ) reduces to the 
one of the alternating y, ^ quantum spin chain (see e.g. |i42| , |46||). 



4 Discussion 

The thermodynamics of the critical RSOS(qi,q 2 ; q) model, obtained by fusion, was studied 
and the high and low temperature expansion were discussed. The main result of this work was 
the derivation of the effective conformal anomaly ( |3.51|) , (|3.52|) of the model, the validity of 
which was confirmed by various tests. More specifically, for q 2 = 1 expression (|3.52| ) coincides 



with the cir presented in 132] , and it is specified by the sum of the central charges of the 



unitary minimal models Ai u , M u -\, where 

c=l- - 6 (4.1) 



is the central charge of the unitary minimal model M. v of conformal field theory 0. Also, in 
the case where q\ = q 2 we recover the results of |31| . Finally, in the isotropic limit v —>■ oo our 



result agrees with the conjectured central charge for the alternating spin chain |EJ, expressed 
as the sum of the central charges of SU(2) q2 , SU(2)s q , i.e., 

" 3<l2 +7 ^. (4.2) 



q 2 + 2 6q + 2 



the analysis of the "ferromagnetic" regime is exactly the same as in |pl[ , and it gives rise to the central 

(7(1) 



charge of the parafermionic - ^nr 2 theory i.e., c = 2 — |, 
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An exact calculation of the effective central charge for the alternating spin chain, by means 
of the finite size effects and the thermodynamic Bethe ansatz analysis, is presented in ||46|| . In 
general, the central charge ( |3.52| ) obtained in the present study is identified as the sum of the 
central charges of the Ai(q 2 , v — q2 — 2) and Ai(q2, Sq) coset models, whereas in [^TJ Bazhanov 
and Reshetikhin by studying the RSOS(p, q) models found an effective central charge that 
corresponds to the Ai(p, v — p — 2) model. We conclude that the effective conformal field 
theory that emanates from the study of the RSOS(qx,q 2 ; q) model, consists of two copies of 
the generalized SU (2) coset theory. 

A compelling task is to extend the above calculations in the presence of boundaries, and 
compute the boundary energy of the system as well as the corresponding (^-function (see e.g. 

There exist solutions of the boundary Yang-Baxter equation [M\ in the RSOS 
and moreover, in p3] the Bethe ansatz equations of the RSOS model 



51 -P 



representation |55||-|57 



with boundaries have been explicitly derived. Finally, a very challenging problem is the for- 
mulation of a string hypothesis for integrable critical models associated with non-simply laced 



(2) 

algebras such as the A 2 (Izergin-Korepin) quantum spin chain |p8| . Such a formulation is 



necessary for the investigation of the thermodynamics as well as the conformal properties of 
these systems. 
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